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Abstract 
In the present study, mixed convection heat transfer inside a square cavity filled with Cu-water nanofluid has been 
investigated numerically. The bottom wall of the cavity is maintained at a constant high temperature while the 
vertical sidewalls are assumed to be at a constant low temperature. The top wall of the cavity is insulated and 
moving at a constant velocity. Galerkin finite element method has been employed to solve the continuity, 
momentum and energy balance equations for the present problem. Analysis of thermal and flow fields inside the 
cavity has been analysed in terms of isotherms, streamlines and heatlines for a wide range of the Richardson number 
and solid volume fraction of the nanoparticle. Particular attention was paid to the case of pure mixed convection 
case with the Richardson No being equal to 1 for various combinations of natural convection and forced convection 
effects. The heat transfer performance of the system has been analysed in terms of average Nusselt number over the 
heated wall for various parameters. The present study shows that the distribution of streamline, isothermal lines and 
heatlines are very sensitive to Richardson number. The present study also shows that larger heat transfer rates can be 
achieved with nanofluid than the base fluid for all conditions. 
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1. Introduction 
Nanofluid is a base fluid having metallic nano sized particles [1]. Thermal conductivity of nanofluid is higher 
than conventional fluids used for heat transfer applications and therefore gains much attention recently.    
 
Nomenclature 
 
Cp specific heat, Jkg-1k-1 Greek symbols 
g acceleration due to gravity, ms-2 α thermal diffusivity, m2s-1 
k thermal conductivity, Wm-1k-1 β thermal expansion co-efficient, K-1 
L side of the square cavity, m μ dynamic viscosity, Pa.s 
T temperature, K ᴨ Heatfunction 
u, v dimensional velocity components, ms-1 ψ Streamfunction 
U, V non-dimensional velocity components ρ density, kgm-3 
x, y dimensional Cartesian coordinate φ volume fraction 
X, Y non dimensional coordinates Subscript 
U0 dimensional lid velocity, ms-1 avg average value 
Pr Prandtl number nf Nanofluid 
Gr Grashof number f Basefluid 
Re Reynolds number h Hot 
Ri Richardson number c Cold 
  
 
As the demand for using nanofluid is increasing, several studies on convective heat transfer using nanofluids have 
been reported in recent years. Jou and Tzeng [2] reported a numerical study on natural convection heat transfer 
phenomena inside a two-dimensional rectangular cavity filled with nanofluids. Their results indicate that increasing 
the volume fraction of nanoparticles causes heat transfer to increase. Alleborn et al. [3] investigated mixed 
convection in a shallow cavity with a moving hot bottom wall and a moving top cold wall. Aydm [4] considered 
both assisting and opposing mechanisms of mixed convection in a lid driven cavity. Khanafer and Chamkha [5] 
numerically studied mixed convection flow in a lid-driven cavity and reported the effects of the Darcy number and 
Richardson number on the flow and heat transfer characteristics. Heatline concept was developed by earlier 
researchers [6] to have a better insight of the conductive as well as convective heat transfer. Although, mixed 
convection heat transfer with nanofluid have been studied for various geometric configuration as well as various 
thermal and flow boundary conditions in the past, no attention has been paid to the case of mixed convection inside 
a square cavity filled with nanofluid with an insulated top wall moving at constant speed with the sidewalls being 
cold and the bottom wall being maintained at a constant high temperature. Therefore, the present study aims to 
explore the mixed convection characteristics of the aforementioned case.     
2. Physical Model and Governing Equations 
The two-dimensional square cavity considered in the present study is shown in Figure 1. The fluid within the 
cavity is water based nanofluid containing Copper (Cu) nanoparticle. The fluid is sufficiently dilute with volume 
fraction (φ) ≤ 0.2, such that it is considered incompressible and Newtonian. The Boussinesq approximation is 
adopted to account for the variations of temperature as a function of density and to couple in this way the 
temperature field to the flow field. The dissipation effect due to the viscous term is neglected and no heat generation 
is considered. Therefore, the governing equations (i.e. continuity, momentum and energy) for the present problem 
can be obtained in non-dimensional form as follows: 
0U U
X Y
w w  w w  
(1) 
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Fig. 1: Physical model of the present study 
Various non-dimensional parameters and numbers that appear in the above equations are defined as follows: 
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Various thermo-physical properties of Cu-water nanofluid are determined on the basis of the base fluid properties, 
nano particle properties as well as the volume fraction of the nano particle (φ) as described in [7] listed below: 
   sfnf MUUMU  1  (6) 
      
spfpnfp
CCC UMUMU  1  (7) 
      sfnf UEMUEMUE  1  (8) 
Moreover, for dynamic viscosity ( nfP ) and effective thermal conductivity ( nfk ) of the nanofluid, Brickman model 
[8] and Maxwell-Garnetts model [9] are followed respectively as:   
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Table 1: Thermo physical properties of base fluid and nano particles 
 
Properties Base fluid (Water) Nanoparticle (Cu) 
Cp (Jkg -1 K -1) 4179 385 
k (Wm -1K -1) 0.613 401 
ρ (kgm -3) 997.1 8933 
β (K-1) 21×10 5 1.67×10 5 
μ (Pa.s) 9.09×10-4 -- 
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The boundary conditions for the present problem are specified as follows: 
 
Topwall Bottom wall Vertical sidewalls 
0, 1, 0U V
Y
Tw    w
 1, 0U VT     0, 0U VT     
The average Nusselt number over the top moving wall can be expressed as 
 
1
0 0
1 L nf nf
avg
f f
k kTNu dx dX
L k y k Y
T§ · § ·w w   ¨ ¸ ¨ ¸¨ ¸ ¨ ¸w w© ¹ © ¹³ ³
       (11) 
 
The velocity field within the cavity can be displayed by using the stream function (\) obtained from velocity 
components U and V while the heat flow can be visualized better in terms of the heat function (3) obtained from 
conductive heat fluxes ,
X Y
T Tw w§ · ¨ ¸w w© ¹
  as well from convective fluxes  U ,VT T  as defined below: 
 
,VU
Y X
\ \w w  w w         (12) 
,nf nf
f f
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Y X X Y
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w3 w w3 w    w w w w
      (13) 
 
The no slip boundary condition at the walls corresponds to \ = 0 at all boundaries. For heat function (ᴨ), a reference 
value ᴨ = 0 is assumed at (X = 0, Y = 1) which leads to a Dirichlet boundary condition (ᴨ = 0) at the top insulated 
wall and a Neumann boundary condition (n. ᴨ = 0) for isothermal bottom and sidewalls. 
3. Numerical Procedure 
The numerical procedure used to solve the governing equations for the present work is the finite element method. 
It provides the smooth solutions at the interior domain including the corner regions. The non-linear parametric 
solution method has been chosen to solve the governing equations. This approach will result in substantially fast 
convergence assurance. A non-uniform triangular mesh arrangement is implemented in the present investigation 
especially near the heated wall to capture the rapid changes in the dependent variables. A grid sensitivity test was 
made and it was confirmed that a total 7528 elements were sufficient enough to produce accurate results in the 
present study. Results obtained from the present model have been compared against the numerical results reported 
by Nada and Chamkha [10] for the case of mixed convection with nanofluid inside a square cavity as shown in 
Table 2. To assess the accuracy of the heat function formulations, a comparison has been made against the results 
reported by Basak and Chamkha [11] as shown in Fig. 2. A very close agreement has been obtained as per Table 2 
and Fig. 2, which confirms that the present model is accurate and valid. 
Table 2. Validation of the present work by Nada and Chamkha's work (φ = 0.1, water-Alumina nanofluid) 
Ri Nuavg [11] Nuavg [Present code] 
0.2 3.098952 3.036907 
0.5 2.554669 2.536389 
2 1.884410 1.896643 
5 1.594969 1.605914 
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4. Result and Discussion 
The numerical code developed in the present study has been used to carry out a number of simulations for various 
values of the Richadrson number, (0.001 ≤ Ri ≤ 10) and volume fraction of the nanoparticle (0 ≤ φ ≤ 0.2). Note that 
the Richardson No, Ri, by definition resembles the dominance of inertia effect (characterized by Re) over the natural 
convection effect (characterized by Gr).  
    
 
 
 
Fig. 2: Streamlines (ψ), isotherms (θ) and Heatlines (ᴨ) with φ = 0.1 (solid line) and φ = 0 (dotted line) for Ra = 105 (a) reported by Basak and 
Chamkha [11] (b) Present work 
4.1. Effect of Richardson Number 
Richardson number represents the relative comparison of natural convection and forced convection. Typically, 
the natural convection is negligible when Ri < 0.1, forced convection is negligible when Ri > 10, and neither is 
negligible when 0.1 < Ri < 10. Figure 3 depicts the distributions of streamlines, isotherms and heat lines for base 
fluid (φ = 0.0) and nanofluid (φ = 0.1) for three different values of Richardson number (Ri = 0.001, 1, 10). The 
Reynolds number (Re), in these cases is kept constant at 100. Therefore, as Ri varies in the range of 0.001-10, the 
Grashof No. (Gr) assumes values in the range of 10-105. As shown in Fig. 3, for all three values of Ri, the velocity 
field is characterized mainly by a single clockwise circulating cell. For lower value of Ri, the centre of the 
circulating cell reside at the upper part of the cavity due to the shearing effect of the top moving lid. However, the 
centre of the circulation gradually moves towards the centre of the cavity as Ri increases. This is due to the fact that 
for a fixed mechanical effect of the moving lid, increase in Ri, results in more buoyancy effect to affect the flow 
field inside the cavity.  As a result, the strength of the circulation increase with Ri. As an example: for the nanofluid 
case with φ = 0.1, maximum absolute value of the stream function, |ᴪmax| varies as 0.105, 0.1099 and 0.1404 for the 
values of Ri number 0.001, 1 and 10 respectively. Similar to the flow field, the isotherms as well as the heatlines are 
also found to undergo significant changes with Ri as depicted in Fig. 3. As the flow field is characterized by 
mechanical shear near the top wall at lower values of Ri, a relatively thick thermal boundary layer exists near the hot 
bottom wall in this case. As Ri increases, the thermal boundary layer becomes thinner near the bottom wall as well 
as sidewalls which indicates greater heat transfer in these regions. The distribution of heatlines shows the path of 
heat flow inside the cavity. The distribution of heatlines clearly shows that a conduction dominated region exists 
near the bottom wall at lower values of Ri that gradually suppressed at higher values of Ri when the majority of the 
cavity undergoes convection dominated heat transfer. Similar type of variations in the distribution of streamline, 
isotherms and heat lines with Richardson No. are also found in case of nanofluid with  φ = 0.2. 
(a) 
(b) 
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(a) 
 
 
 
 
Fig. 3: Streamlines (ᴪ ), Isotherms (θ)  and heatlines (ᴨ) for isothermally heated bottom wall with φ = 0.1 (solid line) and φ = 0 (dotted line) for 
Re = 100 and (a) Ri = 0 001, (b) Ri = 1 and (c) Ri = 10. 
 
4.2. Effect of Grashoff Number in case of pure mixed convection (Ri = 1.0) 
  Fig. 4 shows streamlines, isotherms and heatlines for pure mixed convection (Ri = 1.0). For this case, different 
values of Gr number (100, 1000, 100000) have been considered. The streamlines in Fig. 4 show that for pure mixed 
convection with low Gr and Re numbers, the flow field is very weak. As the Gr number is increased from 100 to 
100000, the flow field gets stronger. It results in clustered isothermlines adjacent to the bottom surface. It is evident 
from the figure that as Gr number is increased, the thermal boundary layer thickness near the hot bottom wall 
decreases due to strong fluid motion. The figure also shows that the degree of asymmetry for isotherms and 
heatlines increases as Gr number is increased. The heatlines represent conduction dominated heat transfer for 
Gr=100. As the value of Gr number increases, buoyancy effect and inertia effect both increase which results in 
convection heat transfer to dominate conduction heat transfer. 
 
 
 
 
 
 
(b) 
(c) 
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(a) 
 
 
 
Fig. 4: Streamlines (ᴪ ), Isotherms (θ)  and heatlines (ᴨ) for isothermally heated bottom wall with φ = 0.1 (solid line) and φ = 0 (dotted line) for 
Ri=1  and (a) Gr = 100, (b) Gr = 1000 and (c) Gr = 10000. 
 
4.3. Average Nusselt Number (Nuavg) 
Figure 5 shows the variation of the average Nusselt number over the heated bottom wall (Nuavg) against 
Richardson number for various volume fractions for a constant mechanical effect of the moving lid (Re = 100) the 
heated bottom wall. As shown in Fig. 5, when Ri is increased the average value of the Nusselt number also increases 
for any volume fraction of the nanoparticle. But the change in the average Nusselt number is more prominent for 
greater values of Ri. This is due to the increased natural convection effect at higher values of Ri. Again, for a fixed 
value of Ri, the average Nusselt number is also higher for higher volume fraction of nanoparticle which manifests 
that addition of nanoparticle results in enhanced heat transfer. The average Nusselt number changes linearly with 
volume fraction of nanoparticle for all cases.   
 
Figure 6 depicts the variations of the average Nusselt number (Nuavg) in case of pure mixed convection for 
various values of Gr number. It shows that the average Nusselt number does not change much for Gr ≤ 103. This is 
due to the fact that the fluid flow field is very weak for these cases. But for the case with Gr ≥ 103, the average 
Nusselt number increases rapidly with Gr number. 
(b) 
(c) 
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5. Conclusion 
Finite element based simulations have been performed to study the heat transfer enhancement with Cu-water 
nanofluid during mixed convection inside a square cavity. The bottom wall of the cavity is maintained at a constant 
high temperature while the vertical sidewalls are assumed to be at a constant low temperature. The top wall of the 
cavity is insulated and moving at a constant velocity. Enhancement of heat transfer rates has been illustrated via 
isotherms associated with trajectory of heat flow via heatline method. For a constant mechanical effect of the 
moving lid, as the Richardson number increases greater effect of natural convection is manifested through the 
isotherms, streamlines and heatlines which in turn enhance the heat transfer. Addition of nanoparticle has been 
found to result in increased heat transfers for any values of the Richardson numbers; however its effect becomes 
prominent at higher values. For the pure mixed convection case with the Richardson number being equal to unity, 
higher heat transfer rate is obtained when natural convection effect corresponds to a Grashof No greater than 103. 
This trend has been found for all cases; with and without nanoparticles.   
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Fig.5: Average Nusselt number of the heated bottom 
wall against Richardson number for Re = 100 
Fig.6: Average Nusselt number of the heated bottom 
wall against Richardson number for Re = 100 
